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We establish some results that complement the work of Castillo and Papini (2007) [4] on
distance types. In particular, we give a positive answer to two problems posed by them in
the case of Banach spaces with separable duals.
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Throughout this note the normed (Banach) spaces considered can be either real or complex normed (Banach) spaces.
The study of nested sequences of sets in normed spaces is a classical topic in functional analysis. Certainly, the most
famous result in this topic is the following classical theorem [11]:
Šmulian’s Theorem. A normed space X is reﬂexive if and only if every nested sequence C1 ⊃ C2 ⊃ C3 ⊃ · · · of nonempty closed
bounded convex subsets of X has nonempty intersection.
This beautiful theorem gives us a purely intrinsic test for reﬂexivity and is very useful. But it is not the only interesting
result concerning nested sequences of sets in normed spaces. For instance, Klee [8] characterized reﬂexivity in terms of the
nonemptiness of the intersection of nested sequences of nonempty closed bounded star-shaped sets, Klee [9] characterized
ﬁnite dimensional spaces using nested sequences of nonempty closed linearly bounded convex sets, and we could mention
many more interesting results on this topic.
On the other hand, motivated by the study of characterizations of weak convergence and weak∗ convergence, Castillo
and Papini [3] generalized the notion of a type in a Banach space X by introducing the notion of a distance type in X : an
elementary distance type in X is a function of the form
x ∈ X → d(x,C) ∈ R,
where C is a nonempty closed bounded convex subset of X ; a distance type in X is an element of the closure of the set of
elementary distance types in the product space RX . They were particularly interested in distance types of the form
x ∈ X → lim
n→∞d(x,Cn) ∈ R,
where (Cn)n∈N∗ is a nested sequence of nonempty closed bounded convex subsets of X . Such a distance type is said to be
approximated by a set C ⊂ X [4] if
lim
n→∞d(x,Cn) = d(x,C) ∀x ∈ X . (1)
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N.C. Bernardes Jr. / J. Math. Anal. Appl. 389 (2012) 558–561 559Without loss of generality we may assume that the set C is closed. Under this assumption, it is easy to see that the only
possible candidate for the set C is the intersection
⋂∞
n=1 Cn . Thus, (1) takes the form
lim
n→∞d(x,Cn) = d
(
x,
∞⋂
n=1
Cn
)
∀x ∈ X . (2)
Hence,
⋂∞
n=1 Cn 
= ∅ is a necessary condition for the validity of (2). If X is reﬂexive, Šmulian’s Theorem guarantees that this
intersection is always nonempty. And, in fact, Baronti and Papini [1] proved that (2) is always true for reﬂexive spaces. In
nonreﬂexive Banach spaces the intersection
⋂∞
n=1 Cn may be empty, but even if it is not empty it may still occur that (2) is
false. In fact, Borwein and Lewis [2] proved that every nonreﬂexive Banach space contains a nested sequence of nonempty
closed bounded convex sets whose intersection is not empty but (2) fails. Therefore, by combining these results from [1]
and [2], we have that:
(A) A Banach space X is reﬂexive if and only if (2) holds for every non-trivial nested sequence (Cn)n∈N∗ of nonempty closed bounded
convex subsets of X , where by “non-trivial” we mean that
⋂∞
n=1 Cn 
= ∅.
In order to get a positive result in the nonreﬂexive case it is natural to consider X embedded into its bidual X∗∗ (by
means of the canonical isometric embedding) and to conjecture that
lim
n→∞d(x,Cn) = d
(
x,
∞⋂
n=1
Cn
w∗
)
∀x ∈ X . (3)
Castillo and Papini [3] proved that this is indeed the case if X is separable and the nested sequence (Cn)n∈N∗ is ﬂat in the
sense of Milman and Milman [10] (that is, the function x ∈ X → limn→∞ ‖x − cn‖ ∈ R does not depend on the choice of
points cn ∈ Cn). Later, Castillo and Papini [4] removed the ﬂatness assumption and proved that (3) holds in every separable
Banach space. Their arguments are based on ultraproducts techniques [5,6]. By using a different approach we shall now
complete their work by establishing the result in full generality.
Theorem 1. For every Banach space X and for every nested sequence (Cn)n∈N∗ of nonemtpy closed bounded convex subsets of X , we
have that
lim
n→∞d(x,Cn) = d
(
x,
∞⋂
n=1
Cn
w∗
)
for every x ∈ X.
Proof. Fix x ∈ X and put α = limn→∞ d(x,Cn). A simple application of the Hahn–Banach Theorem shows that d(x,C) =
d(x,Cw
∗
) for every nonempty closed bounded convex subset C of X (Lemma 2.3 of [3]). Thus,
α = lim
n→∞d
(
x,Cn
w∗) d
(
x,
∞⋂
n=1
Cn
w∗
)
.
On the other hand, for each n ∈ N∗ , choose a point zn ∈ Cnw∗ such that ‖x− zn‖ α + 1/n. Put Dn = {zk: k n}w∗ ⊂ Cnw∗
(n ∈ N∗) and let z ∈⋂∞n=1 Dn . Fix  > 0 and let y ∈ BX∗ be such that |(x− z)(y)| ‖x− z‖−  . Now, for each n ∈ N∗ , choose
kn  n such that |(z − zkn )(y)| 1/n. Then∣∣(x− z)(y)∣∣ ∣∣(x− zkn )(y)∣∣+ 1n  ‖x− zkn‖ + 1n  α + 2n
for every n, and so
d
(
x,
∞⋂
n=1
Cn
w∗
)
 ‖x− z‖ ∣∣(x− z)(y)∣∣+   α + .
Since  > 0 is arbitrary, the proof is complete. 
We shall now generalize the above-mentioned results of Baronti and Papini [1] and Borwein and Lewis [2] by establishing
the following localized version of (A):
Theorem 2. Let X be a Banach space and let C be a nonemtpy closed bounded convex subset of X . Then, the following assertions are
equivalent:
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(ii) For every non-trivial nested sequence (Cn)n∈N∗ of nonempty closed convex subsets of C ,
lim
n→∞d(x,Cn) = d
(
x,
∞⋂
n=1
Cn
)
for every x ∈ X.
Proof. If (i) is true then Cnw
∗ = Cn for every n ∈ N∗ , and so the result follows from Theorem 1.
Conversely, suppose that (i) is false and let us construct a sequence (Cn)n∈N∗ which shows that (ii) fails. By making a
translation, if necessary, we may assume that 0 ∈ C . Put C1 = C and let r = supx∈C1 ‖x‖ < ∞. Fix a ∈ C1\{0} and put k = ‖a‖2r .
By James’s Weak Compactness Theorem [7], there is a y ∈ X∗ such that the supremum of Re y on C1 is not attained. Let
s = supx∈C1 Re y(x). For each integer n 2, deﬁne
Cn = co
(
{a} ∪ k
(
C1 ∩
{
x ∈ X: Re y(x) s − 1
n
}))
.
Clearly, C1 ⊃ C2 ⊃ C3 ⊃ · · · and each Cn is nonempty, closed and convex. Moreover,
∞⋂
n=1
Cn = co
({a} ∪ k(C1 ∩ {x ∈ X: Re y(x) s}))= {a}.
Finally, if we choose an element of Cn of the form kxn with xn ∈ C1, we see that d(0,Cn)  ‖kxn‖  kr = ‖a‖2 (n  2).
Therefore,
lim
n→∞d(0,Cn)
‖a‖
2
< ‖a‖ = d
(
0,
∞⋂
n=1
Cn
)
.
This completes the proof. 
Castillo and Papini [4] posed the following problems related to Theorem 1:
(P1) Let X be a separable Banach space. Given a w∗-compact convex set C in X∗∗ does there exist a nested sequence
(Cn)n∈N∗ of closed bounded convex subsets of X such that
C =
∞⋂
n=1
Cn
w∗?
(P2) Let X be a nonreﬂexive Banach space and let C be a nonempty closed convex set in X∗∗ . Does there exist a nested
sequence of convex sets (Cn)n∈N∗ in X such that for all x ∈ X one has
d(x,C) = lim
n→∞d(x,Cn)?
It seems that they believed in a positive answer to these problems in the case X has separable dual and C is w∗-compact.
In fact, they obtained in [4] positive partial answers to these problems in this case: they proved the existence of a nested
sequence (Cn)n∈N∗ such that
C =
∞⋂
n=1
Cn
w∗ ,
but the sets Cn they constructed are not necessarily convex, and they proved the existence of a sequence (Dn)n∈N∗ satisfying
d(x,C) = lim
n→∞d(x, Dn)
for every x ∈ X , but the sequence (Dn)n∈N∗ they obtained is not necessarily nested. The main tool used to obtain these
partial answers was the Principle of Local Reﬂexivity. By using a different approach we shall now ﬁnally show that the
answers to these problems are indeed positive in this case.
Theorem 3. Let X be a Banach space with separable dual. For any nonempty w∗-compact convex subset C of X∗∗ there is a nested
sequence (Cn)n∈N∗ of nonempty closed bounded convex subsets of X such that
C =
∞⋂
Cn
w∗ .n=1
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d(x,C) = lim
n→∞d(x,Cn)
for every x ∈ X.
Proof. Fix r > 0 such that C ⊂ rB X∗∗ and let (yn)n∈N∗ be a dense sequence in BX∗ . For each n ∈ N∗ , deﬁne
Cn =
{
x ∈ rB X : inf
z∈C
(
max
1 jn
∣∣(x− z)(y j)∣∣) 1/n}.
Obviously, the sets Cn form a nested sequence of bounded subsets of X . It is easy to prove that each Cn is closed in X and
it follows from the convexity of C that each Cn is a convex set. Since rB X is w∗-dense in rB X∗∗ (Goldstine’s Theorem), given
z ∈ C , n ∈ N∗ and a w∗-neighborhood V of z in X∗∗ , there exists an x ∈ rB X such that x ∈ V and |(x − z)(y j)|  1/n for
every 1 j  n, and so x ∈ V ∩ Cn . This proves that
Cn
w∗ ⊃ C
for every n ∈ N∗ . In particular, each Cn is nonempty. It remains to prove that
∞⋂
n=1
Cn
w∗ ⊂ C .
Take z0 ∈⋂∞n=1 Cnw∗ and let
V0 =
{
z ∈ X∗∗: ∣∣(z − z0)(y′k)∣∣<  for 1 km}
be a basic w∗-neighborhood of z0 in X∗∗ (where y′1, . . . , y′m ∈ X∗ and  > 0). Without loss of generality we may assume
that y′1, . . . , y′m ∈ BX∗ . For each 1  k  m, choose an nk ∈ N∗ such that ‖y′k − ynk‖ < /(4r). Let n ∈ N be such that
nmax{n1, . . . ,nm} and 1/n < /8. Since z0 ∈ Cnw∗ , there is an x0 ∈ Cn such that∣∣(x0 − z0)(y j)∣∣< /4
for every 1 j  n. Since x0 ∈ Cn , there is a z1 ∈ C such that∣∣(x0 − z1)(y j)∣∣ 1/n + /8 < /4
for every 1 j  n. Therefore, for each 1 km,∣∣(z1 − z0)(y′k)∣∣ ∣∣(z1 − z0)(y′k − ynk)∣∣+ ∣∣(x0 − z0)(ynk )∣∣+ ∣∣(x0 − z1)(ynk )∣∣< .
Thus, z1 ∈ C ∩ V0 and so C ∩ V0 
= ∅. Since C is w∗-closed, we conclude that z0 ∈ C , as was to be shown.
Finally, the second assertion follows immediately from Theorem 1. 
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